Abstract. The Slope Conjecture relates the degree of the colored Jones polynomial to the boundary slopes of a knot. We verify the Slope Conjecture and the Strong Slope Conjecture for Montesinos knots M(
Introduction
Soon after V. Jones discovered the famous Jones polynomial [1] , E. Witten found an intrinsic explanation [2] through TQFT approach, which led to the colored Jones polynomial. As a generalization of Jones polynomial, colored Jones polynomial reveals many deep connections between quantum algebra and three-dimensional topology. For example, the Volume Conjecture, which relates the asymptotic behavior of the colored Jones polynomial of a knot to the hyperbolic volume of its complement. Another connection proposed by S. Garoufalidis [5] named Slope Conjecture, predicts that the growth of maximal degree of colored Jones polynomial of a knot determines some boundary slopes of the knot complement. So far, the Slope Conjecture has been verified for knots with up to 10 crossings [5] , adequate knots [9] , 2-fusion knots [8] and some pretzel knots [3] . In [17] , K. Motegi and T. Takata prove that the conjecture is closed under taking connected sums and is true for graph knots. In [10] , E. Kalfagianni and A. T. Tran show the conjecture is closed under taking the (p, q)-cable with certain conditions on the colored Jones polynomial and formulate the Strong Slope Conjecture, see Conjecture 2.2b.
Enlightened by Lee and van der Veen [3] , in this article we prove the Slope Conjecture and the Strong Slope Conjecture for a family of Montesinos knots, M( ) are just the pretzel knots in [3] , and our results coincide with that of [3] in this case. The strategy of the proof is to compare the maximal degree of colored Jones polynomial and certain boundary slopes of the corresponding knot. To compute colored Jones polynomial, we use the notion of knotted trivalent graphs [3, 11, 12] , which is a convenient version of skein method [4] for Montesinos knots, and to compute boundary slope we apply Hather and Oertel's edgepath system [14] .
The Slope Conjecture
Let K denote a knot in S 3 and N(K) denote its tubular neighbourhood. A surface S properly embedded in the knot exterior
∈ Q {∞} is a boundary slope of K if pm + ql represents the homology class of ∂S in the torus ∂N(K), where m and l are the canonical meridian and longitude basis of H 1 (∂N(K)). The number of sheets of S , denoted by ♯S , is the minimal number of points at which the meridional circle of ∂N(K) and ∂S intersect.
For colored Jones polynomial, we use the convention of [3] , where the unnormalized n-colored Jones polynomial is denoted by J K (n; v), see Sec- 
A fundamental result due to S. Garoufalidis and T. Q. T. Le [6] states that colored Jones polynomial is q-holonomic. Furthermore, the degree of a colored Jones polynomial is a quadratic quasi-polynomial [7] , which can be formulated as follows. Theorem 2.1. [7] For any knot K, there exist integer p K ∈ N and quadratic polynomials Q K,1 . . 
about Montesinos knots are omitted here, for details see [13] . It is known that a Montesinos knot is always semi-adequate [18] , and the Slope Conjecture has been proved for adequate knots [9] . So we focus on a family of A-adequate and non-B adequate knots M(
) with r, u, t odd, s even and u ≤ −1, r < −1 < 1 < s, t and the maximal degrees of their colored Jones polynomials. The following is our main theorem. The above theorem is proved directly from the following two theorems. The first one is about the degree of the colored Jones polynomial and the second is about essential surfaces.
), where r, u, t are odd, s is even and
where c j is defined as following.
, and set v j to be the odd number nearest to 
The Colored Jones Polynomial
To compute the colored Jones polynomial of Montesinos knots, we use the notion of knotted trivalent graphs (KTG) introduced in [3] (See also [11, 12] .), which is a natural generalization of knots and links. (1)A framed graph is a one dimensional simplicial complex Γ together with an embedding Γ → Σ of Γ into a surface with boundary of Σ as a spine.
(2)A coloring of Γ is a map σ : E(Γ) → N, where E(Γ) is the set of edges of Γ.
(3)A knotted trivalent graph (KTG) is a trivalent framed graph embedded as a surface into R 3 , considered up to isotopy.
The advantage of KTGs over knots or links is that they support many operations. There are three types of operations we will need in this paper, the framing change denoted by F e ± , the unzip denoted by U e , and the triangle move denoted by A ω , as illustrated in Figure 2 . The important thing is that these three types of operations are sufficient to produce any KTG from the Θ graph. Theorem 3.2. [11, 12] Any KTG can be generated from Θ by repeatedly applying the operations F ± , U and A defined above.
Following this result, we can define the colored Jones polynomial of any KTG once we fix the value of any colored Θ graph and describe how it changes under the the operations described above.
The colored Jones polynomial of a KTG Γ with coloring σ, denoted by Γ, σ , is defined by the four equations below.
Particularly, a knot is considered as a 0-frame KTG without vertices, so we define its colored Jones polynomial as
n K, n , where n denotes the color of the single edge of the knot, and the (−1) n term is to normalize the unknot as
In above formulas, the quantum integer
, the symmetric multinomial coefficieat is defined as:
The summation in the equation of unzip is taken over all admissible colorings of the edge e that has been unzipped. ∆ is the quotient of the 6 j-symbol and the Θ,
The summation range of ∆ is indicated by the binomials. Note that this ∆ is not the one in Theorem 2.4, we just maintain their traditional notations and this won't cause any ambiguity according to different contexts. The above definition agrees with the integer normalization used in [19] , which shows that Γ, σ is a Laurent polynomial in v and is independent of the choice of operations to produce the KTG.
As illustrated in Figure 3 , we obtain the colored Jones polynomial of the knot K = M(
) as follows. Starting from a θ , we first apply three A moves, then four F moves on the edges a, b, c, d and then unzip these four twisted edges. Finally, to get the 0-frame colored Jones polynomial we need to multiply the factor f (n) −2(r+s+u+t)−2·writhe (in this case f (n) −4u ) to cancel the framing produced by the operations and the writhe of the knot. * , ZHIQING YANG † , AND XINMIN LIU ‡ A F U Figure 3 . The operations to produce the knot K from a θ. For simplicity, in this example we set r = u = −3, s = 2, t = 3. To calculate the degree of the colored Jones polynomial, we need to analyze the the factors of the summands. The following lemma is from [3] . Lemma 3.5.
Lemma 3.4. The colored Jones polynomial of the Montesinos knot K
where g(n, k) = 2k(n−k) and 2m = a+b+c+α+β+γ−max(a+α, b+β, c+γ)
Now we are ready to prove Theorem 2.4.
Proof. (of Theorem 2.4)
The maximal degree of J K (n + 1) satisfies the inequality below.
Generally, solving max a,b,c,d∈D n Φ (a, b, c, d ) is a problem of quadratic integer programming, which is quite a involved topic [8] . In this case however, it can be solved by observing its monotonicity.
Note that the feasible region D n is an even integer lattice in a convex polytope in R , b m ∈ (0, 2n) for n sufficiently large. max a,b,c,d∈D n Φ(a, b, c, d 
where
j. Finally, when b m is not an odd integer, the maximum is unique. Otherwise, Φ has exactly 2 maxima, we have to consider the possibility that the coefficients of the 2 maximal degree terms may cancel out. It is easy to see that for the leading coefficients of the terms of the summation, the O terms contribute (−1) a+b+c+d = 1, the f terms contribute (−1) 
Then we have
is a quadratic function in b whose axis of symmetry is perpendicular to the bc-plane at the point 2 + 2un, the maxima are R(0, 0) = R(2, 2) = . . . = R(k, k), where k = n when n is even, and k = n − 1 when n is odd. See Figure 4(d) . By a similar argument with the last paragraph of (1), we conclude that there are no cancellations between the the highest-degree coefficients, so
Boundary Slope and Euler Characteristic
The main idea of Hatcher-Oertel edgepath system, based on the work of [15] , is to deal with properly embedded surfaces in Montesinos knot complement combinatorially. For details see [14, 16] . Briefly speaking, the so In [14] , a finite number of candidate surfaces are associated to the each admissible edgepath system, then every essential surface in knot complement with non-empty boundary of finite slope is isotopic to one of the candidate surfaces. Finally, to rule out the inessential surfaces, the notion of r-value is developed in [14] , in our case however, we only need the following convenient criterion from [20] . The boundary slope of a essential surface S is computed by τ(S ) − τ(S 0 ), where τ(S ) is the total number of twist (or twist for short) of an essential surface S , and S 0 is the Seifert surface. For a candidate surface S associated to the admissible edgepath system Γ, we have [16] ], respectively. And σ(e) is the sign of a non-constant edge e, which is defined to be +1 or −1 according to whether the edge is increasing or decreasing (from right to left in uv-plane) respectively for a non-∞ edge; for an ∞ edge the sign is defined to be 0. Now we are ready to prove Theorem 2.5.
Proof. (of Theorem 2.5) By the method of [14] (pg461), when r, u, t are odd and s is even with u ≤ −1, r < −1 < 1 < s, t, we directly find the edgepath system of the Seifert surface S 0 : 
χ(S ) ♯S
= u + r + 3.
